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While one can in principle augment gravity theory with torsion, it is generally thought that any
such torsion affects would be too small to be of consequence. Here we show that this cannot in
general be the case. We show that the limit of vanishing torsion is not necessarily a continuous one,
with the theory obtained in the limit not necessarily coinciding with the theory in which torsion had
never been present at all. However, for a standard torsion tensor that is antisymmetric in two of its
indices we have found two cases in which the vanishing torsion limit is in fact continuous, namely
Einstein gravity and conformal gravity. For other gravity theories of common interest to possess a
continuous limit the torsion tensor would need to be antisymmetric in all three of its indices.
I. INTRODUCTION
The status of torsion in gravity theory is somewhat
enigmatic. While there is a rich and informative body of
theoretical torsion studies in the literature (see e.g. [1],
[2]), and while there is no known principle that would
actually forbid the presence of torsion in nature, as of
today there is no observational evidence that would indi-
cate that torsion actually plays any role in the real world.
Because of this it is generally thought that any torsion
effects that might be present in any given theory of grav-
ity with torsion would be too weak to be observable. In
this paper we call this assumption into question by show-
ing that the limit of vanishing torsion is not necessarily
a continuous one, with the theory obtained in the zero
torsion limit not necessarily coinciding with the theory
in which torsion had never been present at all. We have
however found two cases in which the limit is in fact
continuous, namely standard Einstein gravity and a par-
ticular formulation of conformal gravity, namely that in
which it is generated through radiative loop corrections
in an underlying spinor theory with torsion.
To construct a metric theory of gravity one must intro-
duce a connection Γλµν . For pure Riemannian geometry
the connection is given by the Levi-Civita connection
Λλµν =
1
2
gλα(∂µgνα + ∂νgµα − ∂αgνµ). (1)
Λλµν is symmetric in its µ, ν indices, to thus have 40 in-
dependent components, and with it one can construct a
covariant derivative operator ∇µ, with the metric obey-
ing metricity conditions with indices sequenced here as
∇µg
λν = ∂µg
λν + Λλαµg
αν + Λναµg
λα = 0,
∇µgλν = ∂µgλν − Λ
α
λµgαν − Λ
α
νµgλα = 0. (2)
To introduce torsion one takes the connection to no
longer be symmetric on its two lower indices, and defines
the Cartan torsion tensor Qλµν according to
Qλµν = Γ
λ
µν − Γ
λ
νµ. (3)
With this antisymmetry Qλµν has 24 independent com-
ponents. Unlike the Levi-Civita connection the torsion
Qλµν transforms as a true rank three tensor under gen-
eral coordinate transformations. In terms of the torsion
tensor one defines a contorsion tensor according to
Kλµν =
1
2
gλα(Qµνα +Qνµα −Qανµ). (4)
With Kλµν one constructs the generalized connection
Γ˜λµν = Λ
λ
µν +K
λ
µν , (5)
to give a connection that now has 64 independent com-
ponents. With this generalized connection one can con-
struct a covariant derivative operator ∇˜µ, with the metric
now obeying a generalized metricity condition
∇˜µg
λν = ∂µg
λν + Γ˜λαµg
αν + Γ˜ναµg
λα = 0 (6)
with respect to the connection Γ˜λµν .
A torsion theory is defined to be one in which one
replaces Λλµν by Γ˜
λ
µν , with the Riemann tensor
Rλµνκ = ∂κΛ
λ
µν − ∂νΛ
λ
µκ + Λ
η
µνΛ
λ
ηκ − Λ
η
µκΛ
λ
ην (7)
being replaced by the Riemann-Cartan tensor
R˜λµνκ = ∂κΓ˜
λ
µν − ∂ν Γ˜
λ
µκ + Γ˜
η
µν Γ˜
λ
ηκ − Γ˜
η
µκΓ˜
λ
ην , (8)
with this sequencing of indices and use ofKαµν = −Kµαν
yielding R˜λµνκ = −R˜µλνκ, R˜λµνκ = −R˜λµκν . In terms
of the Levi-Civita-based ∇µ as sequenced as per Eq. (2),
the Riemann-Cartan tensor R˜λµνκ admits of the conve-
nient decomposition
R˜λµνκ = R
λ
µνκ +∇κK
λ
µν −∇νK
λ
µκ
+ KηµνK
λ
ηκ −K
η
µκK
λ
ην , (9)
with contractions R˜µκ = R˜
λ
µλκ and R˜ = g
µκR˜µκ. The
specific form given for R˜λµνκ holds because the torsion
2tensor transforms as a tensor in a standard Rieman-
nian space, while even as it obeys Eq. (6) the met-
ric continues to obey Eq. (2). Since the torsion ten-
sor is independent of the metric (it cannot be expressed
in terms of the metric), to construct the equations of
motion in the presence of torsion one performs indepen-
dent variations of the action with respect to the metric
and the contorsion, according to δ[R˜λµνκ] = ∇κ[δΛ
λ
µν ]+
δ[∇κK
λ
µν ]+δK
η
µνK
λ
ηκ+K
η
µνδK
λ
ηκ−(κ↔ ν), where
δΛλµν = (1/2)g
λα(∇µ[δgνα]+∇ν [δgµα]−∇α[δgνµ]). The
variation yields two tensors, an energy-momentum tensor
T µν and a spin density tensor Σλµν . To see how things
work we consider first a theory based on an arbitrary
function f(R˜) of R˜ where R˜ is the Ricci-Cartan scalar.
II. DISCONTINUITIES IN THE EQUATIONS
OF MOTION
For the action I˜ =
∫
d4x(−g)1/2f(R˜), functional vari-
ation with respect to the metric and the contorsion yields
1
4
gµνf(R˜)−
1
2
[
R˜µν − gµν∇σ∇
σ +∇µ∇ν
]
f ′(R˜)
+
1
2
∇λ
[
(gµνKλκκ +K
µλν)f ′(R˜)
]
+
1
2
Kµλν∇λf
′(R˜)
−
1
2
∇
µ
[
Kνκκf
′(R˜)
]
−
1
2
Kνλλ∇
µf ′(R˜)
−
1
2
[
KµσσK
νρ
ρ −K
µ
σρK
νρσ +K µσρ K
νσρ
]
f ′(R˜)
−
1
2
KσρρK
νµ
σ f
′(R˜) + (µ↔ ν) =
1
2
T µν , (10)
and
[
Kγαβ −Kγβα + gβγKανν − g
αγKβνν
]
f ′(R˜)
+
[
gβγ∇αR˜− gαγ∇βR˜
]
f ′′(R˜) = Σαβγ . (11)
In the limit of zero torsion Eq. (10) reduces to
1
2
gµνf(R)− [Rµν − gµν∇σ∇
σ +∇µ∇ν ] f ′(R)
=
1
2
T µν,
(12)
viz. to precisely the equation of motion that would be
obtained by varying I =
∫
d4x(−g)1/2f(R) with respect
to the metric in a standard Riemannian theory. However,
if we switch the torsion off in the spin density equation
we do not get zero equals zero, but instead obtain a con-
straint equation of the form
f ′′(R)(gβγ∂αR − gαγ∂βR) = 0. (13)
On contracting indices we obtain
3f ′′(R)∂αR = 0. (14)
Thus unless f(R) is such that f ′′(R) is zero all solutions
to the theory would have to obey
∂αR = 0, (15)
with the only allowed solutions to Eq. (12) then be-
ing ones in which the Ricci scalar is a constant. The
only way to avoid this highly restrictive outcome is to
have f ′′(R) be zero, to thus allow only f(R) = aR + b
where a and b are constants, viz. to only allow a stan-
dard Einstein-Hilbert theory with a possible cosmologi-
cal constant term. Hence of all the possible f(R˜) torsion
theories that one could write down, only in the one with
f(R˜) = aR˜+ b could one continuously set the torsion to
zero. Hence only for this theory could one consistently
take the torsion to be weak.
To understand why we obtained this outcome, we note
that in varying with respect to the torsion, the equation
that we will obtain for Σαβγ will be one power lower in
the torsion than the action itself is. Thus if the action
contains a term linear in the torsion then the equation
for Σαβγ will contain a term that will not vanish in the
zero torsion limit. In general then this will give us a
constraint and render the limit discontinuous. As can be
seen from Eq. (9) R˜λµνκ contains a term that is linear
in the torsion. Thus initially we might expect that even
for f(R˜) = R˜ there should be a constraint. However all
the terms in R˜λµνκ that are linear in the torsion are also
total derivatives. In
∫
d4x(−g)1/2R˜ they thus decouple,
with the first non-trivial dependence on the torsion then
being quadratic, and with no zero torsion constraint then
ensuing. However for actions such as
∫
d4x(−g)1/2R˜2 the
term that is linear in the torsion involves the product of
a total derivative of the torsion and an appropriate con-
traction of the torsionless Rλµνκ. This cross term is not
a total derivative and thus it does not decouple from the
action, and the zero torsion limit then is discontinuous.
Similar considerations affect actions based on any higher
power of R˜, and thus for any f(R˜) other than aR˜+ b the
zero torsion limit will be discontinuous.
These considerations do not just affect actions that
are based on functions of R˜. They also affect general
coordinate scalar actions containing general functions
f(R˜µκR˜
µκ) or f(R˜λµνκR˜
λµνκ) of the Ricci-Cartan and
Riemann-Cartan tensors. In fact for these particular ac-
tions there is no choice for the function f for which the
zero torsion limit might be continuous, since coordinate
invariance itself already forces these actions to contain
an even number of powers of R˜µκ or R˜λµνκ, and to thus
always contain terms linear in the torsion that are not
total derivatives.
However, there is one further case that we need to ex-
amine, one that could only possibly occur for quadratic
actions, since it might be possible to obtain a term lin-
ear in the torsion that would be a total divergence for
some specific combination of quadratic actions of the
form
∫
d4x(−g)1/2[aR˜λµνκR˜
λµνκ + bR˜µκR˜
µκ + cR˜2] for
some specific values of the a, b, and c coefficients. And it
turns out that there actually is one, and in fact only one,
3choice for the coefficients for which a cancellation does
in fact occur. Specifically, following integrations by parts
and the use of the identity ∇ρR
ραβγ = ∇βRαγ −∇γRαβ
and its contractions, the net linear term for the combi-
nation is found to be of the form∫
d4x(−g)1/2
[
8aKλµν∇
λRνµ + 2bKλµκ∇
λRµκ
−bKλµλ∇
µR− 4cKλµλ∇
µR
]
+ surface term.
Thus, the only combination for which the term linear
in the torsion cancels is the one with a = 1, b = −4,
c = 1, viz. the combination
∫
d4x(−g)1/2[R˜λµνκR˜
λµνκ
−
4R˜µκR˜
µκ+R˜2]. However, quite remarkably, we recognize
this specific combination to be just the one for which the
term in it that is independent of the torsion altogether,
viz.
∫
d4x(−g)1/2[RλµνκR
λµνκ
− 4RµκR
µκ + R2], just
happens to be a total divergence itself (the Gauss-Bonnet
theorem), so even this combination is not of interest [3].
Hence within the entire class of actions based on R˜, R˜µκ
and R˜λµνκ, only
∫
d4x(−g)1/2[aR˜ + b] leads to a consis-
tent zero torsion limit [4].
III. DISCONTINUITY IN THE WEYL-CARTAN
CONFORMAL CASE
To discuss the implications of conformal invariance for
gravity theory (see e.g. [5, 6]) it is convenient to first
introduce the Weyl tensor in the torsionless case, viz.
Cλµνκ = Rλµνκ −
1
2
(gλνRµκ − gλκRµν
−gµνRλκ + gµκRλν) +
1
6
Rαα(gλνgµκ − gλκgµν).(16)
This tensor has the property that unlike the behavior of
Rλµνκ itself, under a local conformal transformation of
the form gµν(x) → Ω
2(x)gµν (x) the Weyl tensor trans-
forms as Cλµνκ → Ω
2(x)Cλµνκ with all derivatives of
Ω(x) canceling identically. In consequence, in a Rieman-
nian geometry the action
IW = −αg
∫
d4x(−g)1/2CλµνκC
λµνκ, (17)
with CλµνκC
λµνκ = RλµνκR
λµνκ
− 2RµκR
µκ +
(1/3)(Rµµ)
2 and dimensionless coupling αg, is locally
conformal invariant. In a Riemannian geometry the
quantity (−g)1/2[RλµνκR
λµνκ
− 4RµκR
µκ + (Rµµ)
2] is a
total divergence, so that the action can be simplified to
IW = −2αg
∫
d4x(−g)1/2[RµκR
µκ
−
1
3
(Rµµ)
2]. (18)
To introduce torsion in the conformal case (see e.g. [7])
the natural procedure would be to replace the Riemann
tensor by the Riemann-Cartan tensor R˜λµνκ as given in
Eq. (8), with the Weyl tensor then becoming the Weyl-
Cartan tensor C˜λµνκ = R˜λµνκ−(1/2)(gλνR˜µκ−gλκR˜µν−
gµνR˜λκ+gµκR˜λν)+(1/6)R˜(gλνgµκ−gλκgµν). To be able
to maintain conformal invariance in this case we need to
identify a conformal transformation law for the torsion.
With Λλµν transforming as
Λλµν → Λ
λ
µν +Ω
−1(δλµ∂ν + δ
λ
ν ∂µ − gµν∂
λ)Ω, (19)
a straightforward transformation for the torsion that
takes into account its antisymmetry structure is [8], [2]
Qλµν → Q
λ
µν + qΩ
−1(δλµ∂ν − δ
λ
ν∂µ)Ω, (20)
where q is the conformal weight of the torsion tensor.
While the specific value taken by q is not known, we
note that since the torsion tensor has to have the same
engineering dimension as the Levi-Civita symbol, it must
have engineering dimension equal to one, with q = 1 thus
being the most natural choice.
Moreover, when q is equal to one, Γ˜λµν transforms as
Γ˜λµν → Γ˜
λ
µν +Ω
−1gλµ∂νΩ, with the Riemann-Cartan ten-
sor as given in Eq. (8) then being conformal invariant
all on its own [7]. Consequently, for this value of q, and
in fact for this value alone (and not even for q = 0),
the Cartan torsion extensions of the actions given in
Eqs. (17) and (18), viz.
∫
d4x(−g)1/2C˜λµνκC˜
λµνκ =∫
d4x(−g)1/2[R˜λµνκR˜
λµνκ
− 2R˜µκR˜
µκ + (1/3)R˜2] and∫
d4x(−g)1/2[R˜µκR˜
µκ
− (1/3)R˜2] then are locally con-
formal invariant too, with the conformal invariance of∫
d4x(−g)1/2[R˜µκR˜
µκ
− (1/3)R˜2] being established di-
rectly without the need to utilize any properties of
R˜λµνκR˜
λµνκ
− 4R˜µκR˜
µκ + R˜2.
Now previously we had shown that there was no com-
bination of quadratic actions for which the zero tor-
sion limit would be continuous. Since both of the
generalized conformal actions
∫
d4x(−g)1/2C˜λµνκC˜
λµνκ
and
∫
d4x(−g)1/2[R˜µκR˜
µκ
− (1/3)R˜2] fall into this class,
and since conformal invariance expressly forces us to
quadratic actions [9], there is no generalized conformal
action for which the zero torsion limit would be be contin-
uous. As we thus see, if we implement conformal invari-
ance in the torsion case by generalizing the Weyl tensor
to the Weyl-Cartan tensor, we are unable to construct
a conformal invariant theory in which the zero torsion
limit would be continuous. To find an alternate way to
implement conformal invariance in the torsion case, one
that will prove to be continuous in the limit, we turn to
an approach based on spinors. And while we will need
to treat the spinors themselves quantum-mechanically in
the following, as far as the metric and torsion are con-
cerned they will be treated as classical fields, just as we
have been treating them in the above [10].
IV. CONTINUITY IN A SPINOR-BASED
CONFORMAL CASE
In order to discuss spinors in the torsion case we need
to develop a vierbein formalism. To this end, instead of
4developing Riemannian geometry via general coordinate
invariance, i.e. via invariance under local translations,
one considers invariance under local Lorentz transforma-
tions. Without any reference as yet to spinors one intro-
duces a set of vierbeins V aµ where the coordinate a refers
to a fixed, special relativistic reference coordinate system
with metric ηab, with the Riemannian metric then being
writable as gµν = ηabV
a
µ V
b
ν . Because the vierbein carries
a fixed basis index its covariant derivatives are not given
via the Levi-Civita connection alone. Rather, one needs
to introduce an independent second connection known as
the spin connection ωabµ , with it being the derivative
DµV
aλ = ∂µV
aλ + ΛλνµV
aν + ωabµ V
λ
b (21)
that transforms as a tensor under both local translations
and local Lorentz transformations. If we now require
metricity in the form DµV
aλ = 0, we find that ωabµ is no
longer independent but is instead given by the antisym-
metric, 24-component −ωabµ = V
b
ν ∂µV
aν + V bλΛ
λ
νµV
aν ,
i.e. by
− ωabµ =
1
2
(V bν ∂µV
aν
− V aν ∂µV
bν)
+
1
2
V bαV aν(∂νgαµ − ∂αgµν) = ω
ba
µ . (22)
To now introduce spinors, one starts with the free
massless Dirac action in flat space, viz. the Poincare in-
variant (1/2)
∫
d4xψ¯γai∂aψ +H.c., where γaγb + γbγa =
2ηab. To make this action invariant under local transla-
tions one introduces a (−g)1/2 factor in the measure and
replaces γa∂a by γ
aV µa ∂µ. While the resulting action
is then invariant under spacetime independent Lorentz
transformations of the form ψ → exp(wabΣab)ψ where
Σab = (1/8)(γaγb−γbγa), when the function w
ab is taken
to be spacetime dependent, to continue to maintain in-
variance one has to augment the action with the spin
connection of Eq. (22), to then obtain the curved space
Dirac action
ID =
1
2
∫
d4x(−g)1/2iψ¯γaV µa (∂µ +Σbcω
bc
µ )ψ +H.c.(23)
While this action is now both locally translation and
locally Lorentz invariant, for our purposes here we note
that under gµν(x) → Ω
2(x)gµν(x), V
a
µ (x) → Ω(x)V
a
µ (x),
ψ(x) → Ω−3/2(x)ψ(x), ID is locally conformal invariant
as well. We thus get local conformal invariance for free.
The reason for this is that the full symmetry of the light
cone where massless particles propagate is not just the
SO(3, 1) Lorentz group but the conformal group SO(4, 2)
with covering group SU(2, 2). Since the 4-component
Dirac fermion transforms as the fundamental spinor rep-
resentation of the conformal group, gauging Lorentz in-
variance then leads to local conformal invariance as well.
To introduce torsion at the vierbein level we replace
ωabµ by a 24-component (but 48 degree of freedom)
torsion-dependent spin connection ω˜abµ that obeys
D˜µV
aλ = ∂µV
aλ + (Λλνµ +K
λ
νµ)V
aν + ω˜abµ V
λ
b = 0,
−ω˜abµ = −ω
ab
µ + V
b
λK
λ
νµV
νa = ω˜baµ , (24)
and note that ω˜abµ is left invariant under the conformal
transformations of Eqs. (19) and (20) if q = 1. With ω˜abµ
we obtain a torsion-dependent Dirac action of the form
I˜D =
1
2
∫
d4x(−g)1/2iψ¯γaV µa (∂µ +Σbcω˜
bc
µ )ψ +H.c.(25)
Integration by parts and use of γa[γb, γc] + [γb, γc]γa =
4iǫabcdγdγ
5, γ5 = iγ0γ1γ2γ3, and ǫabcdV µa V
ν
b V
σ
c V
τ
d =
(−g)−1/2ǫµνστ yields [2]
I˜D =
∫
d4x(−g)1/2iψ¯γaV µa (∂µ +Σbcω
bc
µ − iγ
5Sµ)ψ,(26)
where Sµ = (1/8)(−g)−1/2ǫµαβγQαβγ . In this action we
note that even if the torsion is only antisymmetric on
two of its indices, the only components of it that appear
in I˜D are the four that constitute that part of it that is
antisymmetric on all three of its indices. For our pur-
poses here we note that regardless of what the value of q
might actually be, under the conformal transformations
given in Eq. (20) Sµ is left invariant. Since the torsion-
independent ID is locally conformal invariant on its own,
for any q it follows that the coupling of a massless Dirac
fermion to torsion as given in I˜D is fully locally conformal
invariant as well.
Now in a study of dynamics based on a fermion con-
formally coupled to a (torsionless) Riemannian geometry
and electromagnetism with a matter action of the form
IM =
∫
d4x(−g)1/2iψ¯γaV µa (∂µ +Σbcω
bc
µ − iA
µ)ψ, (27)
it was noted [11], [6] that a path integration∫
Dψ¯Dψ exp(iIM) over the fermions (equivalent to a one
fermion loop Feynman graph) generated an effective ac-
tion of the form
I =
∫
d4x(−g)1/2C
[
1
20
[
RµνR
µν
−
1
3
(Rαα)
2
]
+
1
3
(∂µAν − ∂νAµ)(∂
µAν − ∂νAµ)
]
, (28)
where the log divergent constant C is regularized as C =
1/8π2(4 − D) in dimension D. Noting the similarity to
I˜D, the path integration
∫
Dψ¯Dψ exp(iI˜D) then yields a
very specific effective action [2]
IEFF =
∫
d4x(−g)1/2C
[
1
20
[
RµνR
µν
−
1
3
(Rαα)
2
]
+
1
3
(∂µSν − ∂νSµ)(∂
µSν − ∂νSµ)
]
. (29)
Since I˜D is conformal invariant IEFF must be too, just as
can be seen. Now we note that IEFF contains no terms
that are linear in the torsion. Thus even though the
fermionic action I˜D does contain a term that is linear in
5the torsion, the path integration over the fermionic fields
converts it into a term that is quadratic in the torsion.
Finally then, since IEFF does not contain any term that
is linear in the torsion, in the zero torsion limit a gravity
theory based on this IEFF action would be continuous.
Thus just like the standard Einstein-Hilbert action, for
the conformal IEFF one can consistently take the weak
torsion limit.
V. COMPLETELY ANTISYMMETRIC
TORSION
While not conventional and perhaps even a little con-
trived [12], we note that if we were to take the tor-
sion, and thus the contorsion also, to be antisymmet-
ric on all three of their indices, then all terms lin-
ear in the torsion would cancel identically in all three
of
∫
d4x(−g)1/2R˜λµνκR˜
λµνκ,
∫
d4x(−g)1/2R˜µκR˜
µκ, and∫
d4x(−g)1/2R˜2. Then for any quadratic action, and thus
also for one based on the Weyl-Cartan tensor, the zero
torsion limit could consistently be taken. Moreover, the
same analysis extends to even higher derivative theories,
since if there is no term linear in the torsion in quadratic
actions, there will be none in quartic actions, and so on
Thus for any f(R˜), f(R˜µκR˜
µκ) or f(R˜λµνκR˜
λµνκ) the-
ory, once the torsion is completely antisymmetric, the
zero torsion limit could then consistently be taken.
For a torsion that is only antisymmetric on two of its
indices however, we have found two cases in which the
limit of zero torsion is continuous and constraint free,
namely Einstein gravity and conformal gravity. Inter-
estingly, both of these theories are currently being used
to fit gravitational data (for conformal gravity fits with-
out any need for dark matter see [5, 6, 13]), with con-
formal gravity even being a consistent, renormalizable,
and ghost-free [6, 14] quantum theory at the microscopic
level, a domain where any torsion effects might first per-
haps appear.
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